
Chapter 10

Excitation and damping of the
oscillations

So far I have almost exclusively considered adiabatic oscillations, and therefore have been
unable to investigate the stability or instability of the modes. Such questions are of obvious
interest, however. Here I consider some simple aspects of mode excitation, including prop-
erties of the nonadiabatic problem. A major goal is to get a feel for the conditions under
which a mode may be self-excited, i.e., with a positive growth rate. Also, in cases where all
modes are damped, they may still be driven to observable amplitudes by stochastic forcing
from near-surface convection; this seems, for example, to be the case for solar oscillations.

10.1 A perturbation expression for the damping rate

In the present section I derive an expression which allows an estimate of the growth or
damping rate on the basis of the adiabatic eigenfunction. The procedure is to use the per-
turbation expression in equation (5.73) which was derived from the oscillation equations
written as a linear eigenvalue problem in equation (5.56). Now, however, I take the per-
turbation δF to be the departure from adiabatic oscillations in the momentum equation.
From the perturbed energy equation, equations (3.47) and (3.48) it follows that
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where I dropped the subscript “0” on equilibrium quantities, and assumed a time depen-
dence as exp(−iωt). Here
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is the pressure perturbation corresponding to adiabatic oscillations. It follows that the per-
turbed momentum equation (3.43) can be written, after separation of the time dependence,
as

−ρω2δδδr = −∇p′ad + ρg′ + ρ′g − i

ω
∇[(Γ3 − 1)(ρε− div F)′] . (10.3)
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This is of the form considered in equation (5.56):

ω2δδδr = Fad(δδδr) + δF(δδδr) , (10.4)

with
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ρ
g , (10.5)

and

δF(δδδr) =
i

ωρ
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As argued in Section 5.5, Fad is in fact a linear operator on δδδr. It may be shown that the
same is true for δF .

Exercise 10.1:

Show that δF may be obtained as a linear operator on δδδr, assuming the diffusion ap-
proximation, equation (3.22). Note that since δF is assumed to be a small perturbation,
it may be derived assuming that δρ, δp and δT are related adiabatically.

The effects on the frequency of departures from adiabaticity can now immediately be
obtained from the perturbation expression (5.73) as
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The integral in the numerator can be rewritten as

∫

V
div [δδδr∗(Γ3 − 1)(ρε− div F)′]dV −

∫
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the first integral can be transformed, by using Gauss’s theorem (3.3), into an integral
over the stellar surface which can be neglected, whereas in the second integral we use the
continuity equation (3.42). The result is, finally, that the frequency change caused by
non-adiabaticity is
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This is the desired expression. It should be noted that this expression is valid also in the
full nonadiabatic case, if the nonadiabatic eigenfunctions are used.

10.1.1 The quasi-adiabatic approximation

To evaluate the integral in the numerator in equation (10.9) we need an expression for
(ρε − div F)′. Using that ε = ε(ρ, T ) (I neglect a possible Eulerian perturbation in the
composition) it is easy to see that
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Similarly, the perturbation in the flux can be evaluated from the diffusion approximation,

equation (3.22), and in particular assuming that there are no other contributions (such as
convection) to the heat transport. The result is
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and Fr is the equilibrium radiative flux (which is of course in the radial direction). The
underlying assumption in the perturbation treatment leading to equation (5.73) and hence
(10.9) is that δF should be evaluated for the adiabatic eigenfunction. Regardless of the
assumption of adiabaticity we may obtain ρ′ from the equation of continuity as
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From adiabaticity it follows that the temperature perturbation can be computed from
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Hence, given δδδr, ρ′ and T ′ can be computed, and then (ρε − div F)′ can be obtained
from equations (10.10) and (10.12). Since this approximation to the damping rate can be
obtained from the adiabatic eigenfunction, it is known as the quasi-adiabatic approximation.
As the adiabatic eigenfunctions may be chosen to be real, the integrals in equation (10.9)
are real, and hence δω is purely imaginary. Thus it represents a pure damping or excitation,
with no effect on the (real) oscillation frequency.

It should be noted that the approximation is not without problems. The perturbation
approach is based on the assumption that the perturbation is small. This is true in most
of the star, but not very near the surface where nonadiabatic effects become strong. Here
nonadiabaticity has a substantial effect on the eigenfunction, and hence an evaluation of the
integral in equation (10.9) based on the adiabatic eigenfunctions is questionable. Nonethe-
less, we may hope that the quasi-adiabatic approximation at least gives an indication of
the stability properties of the mode. A separate problem, which would equally affect a full
nonadiabatic treatment, is the neglect of convective contributions to the heat flux. This
introduces a major uncertainty in the calculation of the stability of modes in cool stars with
extensive outer convection zones. Indeed, it was shown by Baker & Gough (1979) that the
transition to stability at the cool side of the Cepheid instability strip most likely is the result
of the increased importance of convection. Houdek (2000) made a more detailed analysis,
based on a sophisticated mixing-length model of the interaction between convection and
pulsations, and similarly showed that convection caused the return to stability at the cool
side of the instability region for δ Scuti variables.
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10.1.2 A simple example: perturbations in the energy generation rate

To illustrate some simple properties of equation (10.9) I consider the case where the nona-
diabaticity is dominated by the energy generation. Here it is convenient to work purely in
terms of Lagrangian perturbations, by noting that

(ρε− div F)′ = δ(ρε− div F) , (10.16)

since the equilibrium model is assumed to be in thermal equilibrium. Also, it is obvious
that δ(ρε) can be obtained from an expression analogous to equation (10.10). Neglecting
the term in F and using equation (10.15) we find
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2
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. (10.17)

Since εT and ερ are positive, and Γ3 ' 5/3, it is obvious that the integrals in equation
(10.17) are positive. With the assumed time dependence as exp(−iωt) this corresponds to
a growth in the oscillation amplitude, i.e., to instability of the mode.

The physical nature of this instability is very simple and closely related to the operation
of a normal heat energy: at compression the gas is hotter than normal and this, together
with the increased density, causes an increase in the release of energy; this increases the
tendency of the gas to expand back towards equilibrium; at expansion the gas is cooler and
less dense and hence the energy production is low; this similarly increases the tendency
of collapse towards the equilibrium; both effects increase the oscillation amplitude. This
mechanism is closely analogous to the operation of a normal car engine where energy is also
released (through the ignition of the air–fuel mixture) at the point of maximum compression.

For acoustic modes, which have large amplitudes in the outer part of the star, the
damping and excitation are normally dominated by the effects of the flux. This is more
complicated and will be discussed in Section 10.2. However, the destabilization through
nuclear reactions may play an important role for g modes in several cases; this includes the
Sun which becomes unstable towards a few low-order g modes in relatively early phases of
its evolution (see, for example, Christensen-Dalsgaard, Dilke & Gough 1974).

10.1.3 Radiative damping of acoustic modes

I now consider the effects on high-order or high-degree acoustic modes and hence neglect
the effect of nuclear reactions. As in Problem 2.2(vi) (cf. Appendix C) I assume that the
flux perturbation is dominated by the term in ∇T ′ in equation (10.12), to obtain
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T
, (10.18)

where in the last equality I used the dispersion relation for plane sound waves. Here T ′/T
can be obtained from the adiabatic relation (10.15) where, in accordance with the treatment
of plane sound waves, I neglect derivatives of equilibrium quantities. Hence
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T
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ρ
; (10.19)
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As a result equation (10.9) for the damping rate becomes
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It is evident from equation (10.20) that δω is negative, i.e., the mode is damped. This
is again obvious from physical considerations: the effect of the term in the temperature
gradient is to increase the heat flux from regions that are compressed and heated, and to
decrease it from regions that are expanded; hence effectively there is heat loss at compression
and heat gain at expansion, and this works to dampen the oscillation. It should be pointed
out here that the opacity fluctuations, acting through the first term in equation (10.12),
may counteract that: if opacity is increased at compression the flux of radiation going
out through the star is preferentially absorbed at compression, hence heating the gas and
contributing to the excitation of the oscillation. This mechanism, the so-called Eddington
valve, is responsible for the pulsations of the stars in the instability strip.

To compare with the asymptotic expression derived below it is instructive to write
equation (10.20) in terms of δδδr; from the continuity equation we have, still assuming a
plane sound wave and using the dispersion relation, that
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Hence we obtain
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by using c2 = γp/ρ; for simplicity I assume that Γ3 = Γ1 = γ.
It is of some interest to consider also the damping from the asymptotic point of view. I

start from the modified dispersion relation derived in Problem 2.2

ω2 = c2|k|2φF , (10.23)
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1 +
i

ωγτF

1 +
i

ωτF

, τF =
3κρp
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If nonadiabatic effects are weak, i.e., ωτF � 1, we can write equation (10.23) as

ω2 = c2|k|2 − c2|k|2(1− φF) ' c2|k|2 − iωad
γ − 1

γτF
, (10.25)

where ωad is the frequency in the adiabatic case. Equation (10.25) is a perturbed version of
the sound-wave dispersion relation, of the form considered in Appendix B. Hence the effect
of the damping on the frequencies can be obtained from equations (B.6) and (B.7) as
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where
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By substituting the expression for τF we finally obtain
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This equation essentially corresponds to equation (10.22) if we note that asymptotically
ρ|δδδr|2dV can be identified with c−1(1− L2c2/ω2r2)−1/2dr, to within a constant factor.

10.2 The condition for instability

The arguments presented in this section were originally derived by J. P. Cox. They provide
insight into the reason why unstable stars tend to be found in well-defined regions of the
HR diagram, particularly the Cepheid instability strip, and are presented here essentially
in the form given by Cox (1967, 1974).

Expressing the frequency in terms of real and imaginary parts as ω = ωr + iη, equation
(10.9) can be written approximately as

η ' Cr

2ω2
r I

, (10.29)

where

Cr = Re

[∫
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δρ∗

ρ
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]
, (10.30)

and

I =

∫

V
ρ|δδδr|2dV . (10.31)

Clearly the question of stability or instability depends on the sign of Cr: if Cr > 0 the mode
is unstable, whereas if Cr < 0 the mode is stable.

I consider just the outer parts of the star, where the nuclear energy generation can be
neglected. The analysis is restricted to radial oscillations; however, as we know that the
behaviour of the modes is largely independent of degree near the surface the results are
likely to be at least qualitatively valid for nonradial oscillations as well. Also, I neglect
convection. Finally I assume that the oscillations are either quasi-adiabatic or strongly
nonadiabatic. In the former region all perturbation quantities can be taken to be real; the
strongly nonadiabatic situation is discussed below. Then we can approximate Cr by

Cr ' −L
∫

M

δρ

ρ
(Γ3 − 1)

d

dm

(
δL

L

)
dm . (10.32)

I now assume that δρ > 0 everywhere in the region of interest. This would in general hold
for the fundamental mode. However, even for higher-order modes the dominant excitation
and damping generally take place so close to the surface that δρ has constant sign in this
region. It now follows from equation (10.32) that the contribution of a given layer to the
damping or excitation depends on the rate of change of δL: if δL increases towards the
surface, the layer gives a negative contribution to Cr and hence contributes to the damping,
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whereas if δL decreases towards the surface, the layer contributes to the excitation. This is
entirely consistent with the simple heat-engine argument given in Section 10.1.2, if we notice
that we are considering the situation at positive δρ, i.e., at compression: if δL increases
outwards, more energy leaves the layer at the top than flows in at the bottom; hence there
is a net energy loss from the layer at compression, which acts to damp the motion. The
reverse is true, of course, if δL decreases towards the surface: then energy is dammed up
at compression, and the motion is excited. Clearly, the behaviour of the mode depends on
the global effect as determined by the integral in equation (10.32).

We now need to consider the behaviour of the luminosity perturbation in more detail.
It is given by an expression corresponding to equation (10.12) for the perturbation in the
flux. The radiative luminosity may be expressed as

L = −4ac̃

3κ
16π2r4T 4 d lnT

dm
; (10.33)

hence, expressing the equation in terms of the Lagrangian luminosity perturbation,
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(
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)
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For low-order modes one can probably neglect the term in the d(δT/T )/dm, as well as a
term in the displacement. Thus we obtain

δL

L
' (4− κT )

δT

T
− κρ

δρ

ρ
. (10.35)

In the region where the oscillations are nearly adiabatic, δT/T ' (Γ3 − 1)δρ/ρ, and hence

δL

L
'
(
δL

L

)

a
= [(4− κT )(Γ3 − 1)− κρ]

δρ

ρ
. (10.36)

In most of the star, κρ is close to unity, κT is negative (as, for example, for Kramers
opacity) and Γ3 ' 5/3. Also, δρ/ρ generally increases outwards. Hence it follows from
equation (10.36) that in most cases δL increases towards the surface, so that the tendency
is towards stability. This is quite reassuring: after all most stars do not show obvious
variability, suggesting that special circumstances are required to excite modes to large
amplitudes.

In fact, it is clear that there are two circumstances that may give rise to a decrease
in (δL)a: a strong decrease in Γ3 or a strong increase in κT . Both effects are likely to
occur in ionization zones of abundant elements. As an example, Figure 10.1 shows Γ3 −
1 in the ionization zone of He in a stellar envelope model (see also Figure 7.15 for the
qualitatively very similar behaviour of Γ1 in the Sun). This occurs because the degree of
ionization increases at compression, absorbing the energy that would otherwise have gone
towards increasing the temperature and hence reducing the temperature increase. Similarly,
although perhaps less obvious, there is a tendency for ionization zones to be associated with
‘bumps’ in κT : it should be noted that since what matters in equations (10.32) and (10.36)
is effectively the second derivative of opacity even quite minor features in the opacity can
lead to substantial contributions to the excitation, provided that they are confined to a
narrow temperature interval. These two mechanisms are generally known as the γ- and
κ-mechanisms for mode excitation.
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Figure 10.1: Γ3 − 1 against temperature in the region of He+ ionization in an
equilibrium model of a stellar envelope.

The description given so far suffers from two problems. First, it is clearly only the lower
part of the Γ3-decrease that will contribute to driving; the upper part similarly contributes
to damping, and since δρ/ρ is assumed to increase outwards the damping part is likely to
dominate. A similar remark can be made about effects of opacity bumps. Secondly, the
argument depends on the quasi-adiabatic approximation, in that the adiabatic relation was
used to derive equation (10.35) for δL. The great beauty of Cox’s analysis is that it is
precisely the transition to nonadiabaticity which is decisive for the occurrence of instability
of a star.

To make plausible the transition from adiabaticity to nonadiabaticity I use an argument
very similar to the one presented in Section 3.1.4. I write the perturbed energy equation,
neglecting the term in ε, as

d

dt

(
δT

T

)
− (Γ3 − 1)

d

dt

(
δρ

ρ

)
' − L

4πρr2cV T

d

dr

(
δL

L

)
. (10.37)

This can also be written, approximately, as

∆

(
δL

L

)
∼ Ψ

[
δT

T
− (Γ3 − 1)

δρ

ρ

]
, (10.38)

where

Ψ =
〈cV T 〉∆m

ΠL
. (10.39)

Here ∆(δL/L) is the change in δL/L between the surface and the point considered, ∆m is
the mass outside this point, and 〈cV T 〉 is a suitable average over this region; also Π is the
pulsation period. Thus Ψ has a very simple physical meaning: it is the ratio between the
thermal energy stored in the layer outside the point considered and the energy radiated by
the star in a pulsation period.
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Now equation (10.38) can be understood in simple physical terms. Very near the surface
Ψ� 1: the energy content in the stellar matter is so small that it cannot appreciably affect
the luminosity perturbation; thus the luminosity perturbation is frozen in, i.e., constant.
This is clearly the strongly nonadiabatic limit. Conversely, at great depth Ψ � 1: the
energy content is so large that the flow of energy over a pulsation period has no effect on
the energy content; this corresponds to the almost adiabatic case. Thus the transition from
adiabatic to nonadiabatic oscillations occurs in the transition region, where

〈cV T 〉TR(∆m)TR

ΠL
∼ 1 . (10.40)

The question of stability or instability is now decided by the relative location of the
transition region and the relevant ionization zone. It has been shown by Cox that the
Cepheid instability strip is controlled by the ionization of He+; thus in the following I
consider only this zone. Also, to understand the location of the instability strip it is
convenient to think in terms of varying the radius, and hence the effective temperature, at
fixed luminosity.

Figure 10.2: δL/L at instant of minimum stellar radius and hence maximum
compression against depth below the surface (schematic) for a star with R <
Rcrit (see text for explanation of symbols). Only the He+ ionization zone is
shown (after Cox 1967).

Consider first a star of small radius and hence large effective temperature. Here the
He+ ionization zone lies close to the surface, i.e., very likely above the transition region
(cf. Figure 10.2). Below the transition region δL/L follows the adiabatic behaviour and
hence increases outwards; this contributes to the damping. Above the transition region
δL is approximately constant, and there is no contribution to the excitation and damping.
Thus the net effect is that Cr < 0, i.e., the star is stable.

Now increase the radius, and hence reduce Teff , sufficiently that the transition region
coincides with the He+ ionization zone. As illustrated in Figure 10.3, at this critical radius
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Figure 10.3: δL/L at instant of minimum stellar radius and hence maximum
compression against depth below the surface (schematic) for a star with R =
Rcrit (see text for explanation of symbols). Only the He+ ionization zone is
shown (after Cox 1967).

Rcrit the situation changes dramatically. We still get damping in the interior of the star;
however, the lower part of the ionization zone now contributes strongly to the excitation,
and the corresponding damping in the upper part of the ionization zone is absent because
the luminosity perturbation is frozen in here. Thus in this case there is chance for instability.
This is precisely what happens: the point where R = Rcrit corresponds to the location of
the instability strip.

Finally, at even larger radius and lower Teff the entire ionization zone lies in the quasi-
adiabatic region and hence it makes both positive and negative contributions to the excita-
tion. As argued above, the general increase towards the surface of δρ/ρ makes it plausible
that the net effect is damping of the modes. In fact, computations show that it is dif-
ficult to reproduce the lower (so-called red) edge of the instability strip unless effects of
perturbations in the convective flux are taken into account.

This argument may be more quantitative, to determine the approximate location of the
instability strip. In fact, it is not difficult to obtain a relation that determines the slope of
the strip (see Problem 6.2 in Appendix C). It was arguments of this kind which first led
Cox to identify the He+ ionization as being mainly responsible for the Cepheid instability.

The location of the transition region, as given in equation (10.40), depends on the
period of oscillation. I have so far argued for the behaviour of a single mode (although the
changing radius would also tend to increase the period and hence push the transition region
deeper). However, it should be noted that higher-order modes would tend to have transition
regions closer to the surface. It follows that they should become unstable at higher effective
temperatures. This is indeed confirmed by more detailed stability calculations.

The arguments as given here refer specifically to the Cepheid instability strip. However,
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very similar arguments can be applied to other driving mechanisms, at least in fairly hot
stars where convection can be neglected. Thus any suitable feature that may cause a
substantial dip in (δL/L)a might be expected to give rise to an instability region. It has
been found, through improvements in the treatment of iron line contributions, that there is
a bump in the opacities near temperatures of 2× 105 K which can account for the β Cephei
and other B star pulsations in this way (e.g. Moskalik & Dziembowski 1992); before these
improvements the origin of B-star pulsations was a major mystery. A similar mechanism
is responsible for the excitation of g modes in at least some pulsating white dwarfs (e.g.
Winget et al. 1982).

10.3 Stochastic excitation of oscillations

Nonadiabatic calculations taking convection into account generally find that modes in stars
on the cool side of the instability strip are stable. In particular, this is the case for the
modes observed in the Sun (e.g. Balmforth 1992a). Thus the presence of oscillations in the
Sun and other cool stars requires other excitation mechanisms. In these stars the convective
motion near the surface likely reaches speeds close to that of sound. Such turbulent motion
with near-sonic speed is an efficient source of acoustic radiation, and it is likely that this
‘noise’ excites the normal modes of the star, to the observed amplitude.

Figure 10.4: Observed spectrum, from Doppler observations with the BiSON
network, of a single radial mode of solar oscillations. The smooth curve shows
the fitted Lorentzian profile, multiplied by three for clarity. (See Chaplin et
al. 2002.)

Since the excitation is caused by a very large number of convective elements, the driving
is essentially random. The problem of a damped oscillator driven by random forcing was
considered by Batchelor (1956), and the analysis is discussed in Problem 6.1 in Appendix C.
The outcome is that the average power spectrum resulting for a mode of frequency ω0, and
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damping rate η, is approximately

〈P (ω)〉 ' 1

4ω2
0

〈Pf (ω)〉
(ω − ω0)2 + η2

, (10.41)

where 〈Pf (ω)〉 is the average power spectrum of the forcing function. If the forcing spectrum
is a slowly varying functions of frequency, the result is therefore a Lorentzian spectrum,
with a width determined by the linear damping rate of the mode.

If a single realization, rather than the average, of the spectrum is considered, as is
generally the case for observations of stellar oscillations, the result is a random function
with a Lorentzian envelope. An example is shown in Figure 10.4, based on observations of
solar oscillations with the BiSON network. Such Lorentzian profiles are often assumed in
the fits carried out to determine the frequency and other properties of the modes. It should
be noticed, however, that the observed profiles show definite asymmetries and hence cannot
be strictly represented by Lorentzian profiles. This behaviour can be understood from the
detailed properties of the excitation, in particular the fact that the dominant contributions
to the forcing arise from a relatively thin region (e.g., Duvall et al. 1993; Gabriel 1993, 2000;
Roxburgh & Vorontsov 1995; Abrams & Kumar 1996; Nigam & Kosovichev 1998; Rast &
Bogdan 1998; Rosenthal 1998). Neglecting this effect in the fitting causes systematic errors
in the inferred frequencies; however, it appears that these are of a form similar to the effects
of the near-surface errors [i.e., the term Q−1

nl G(ωnl) in equation (9.32)], and hence have no
effect on the results of structure inversion (e.g. Rabello-Soares et al. 1999b; Basu et al.
2000). Observational determination of the asymmetry does, however, provide constraints
on the properties of subsurface convection (Chaplin & Appourchaux 1999; Kumar & Basu
1999; Nigam & Kosovichev 1999).

As a result of the stochastic nature of the excitation, the observed amplitude of a mode
varies over time. The statistical properties of this variation were discussed by Kumar,
Franklin & Goldreich (1988) and Chang & Gough (1998). If the modes are observed over
a time short compared with the damping time, the energy distribution is exponential,

p(E)dE = 〈E〉−1 exp(−E/〈E〉)dE , (10.42)

where 〈E〉 is the average energy, and the energy E is proportional to the squared amplitude.
It is straightforward, and instructive, to simulate such stochastically excited, damped,

oscillations. An example of such a simulation, for a long-period variable, is illustrated in
Figure 10.5. It is evident that the amplitude varies strongly and in an irregular fashion,
and hence at any given time there is a significant probability that any given mode may be
invisible; this must be kept in mind in the interpretation of such pulsating stars. Panel b)
shows the distribution of mode energy, obtained by analyzing the time series in 1-year
segments. Here N is the total number of segments, and n is a scaled binned number of
realizations,

n =
∆n(E)

exp(∆E/2〈E〉)− exp(−∆E/2〈E〉) , (10.43)

where ∆n(E) is the number of realizations in the interval [E −∆E/2, E + ∆E/2]. It may
be shown that n/N behaves like exp(−E/〈E〉) (cf. Chang & Gough 1998); as is clear
from Figure 10.5b the simulated data do indeed have this property. Very interestingly, the
observed distribution of solar oscillation amplitudes satisfies this relation quite closely (e.g.
Chaplin et al. 1997). An example, based on BiSON data, is shown in Figure 10.6.
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Figure 10.5: Artificial time series for an oscillation with a period of 82 days,
a damping time of 60 years and a sampling-time interval of 20 days. The
top panel shows the computed time series which, as indicated, covers about
1600 years. In the bottom panel the points show the binned, normalized
distribution of mode power, in units of the mean power; the line corresponds
to the expected exponential distribution in equation (10.42) (see text). (From
Christensen-Dalsgaard et al. 2001.)

Exercise 10.2:

Verify this property of the distribution, as described by equation (10.43).
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Figure 10.6: Binned, normalized distribution of observed solar mode power, in
units of mean power; this is based on 3368 individual samples, each contain-
ing 14 modes, of BiSON observations. The line corresponds to the expected
exponential distribution in equation (10.42). (See Chaplin et al. 1997.)

The distribution function in equation (10.42) also defines the relation between the av-
erage 〈A〉 and the standard deviation σ(A) of the amplitude:

σ(A) =

(
4

π
− 1

)1/2

〈A〉 ' 0.52〈A〉 . (10.44)

It was noticed by Christensen-Dalsgaard, Kjeldsen & Mattei (2001) that observed ampli-
tudes of semiregular variables on the red-giant branch approximately followed this relation,
suggesting that their variability may have a cause similar to the solar oscillations.

As indicated by equation (10.41) this excitation mechanism results in a definite pre-
diction of the oscillation amplitude, given a model for the power in the stochastic forcing.
This can be evaluated from models of convection, such as the mixing-length description.
A rough estimate was made by Christensen-Dalsgaard & Frandsen (1983a); following Gol-
dreich & Keeley (1977) they assumed equipartition between the energy in a single mode
of oscillation and the energy of a convective eddy with a time scale corresponding to the
period of the mode. The results were analyzed by Kjeldsen & Bedding (1995) who found,
as already discussed in Section 2.4.1, that the amplitudes scaled as L/M (cf. eq. 2.44).
A more careful calculation was carried out by Houdek et al. (1999), who determined the
damping or excitation rates of radial modes, using a nonlocal mixing-length description of
the interaction between convection and pulsation; for the stable modes they estimated the
stochastically excited amplitudes, from the computed damping rates and a mixing-length
calculation of the energy input to the modes from convection. The results are summarized
in Figure 10.7. It should also be noted that computations by Stein & Nordlund (2001)
of the energy input from convection to the oscillations, based on detailed hydrodynamical
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Figure 10.7: Unstable modes and mean velocity amplitudes of stochastically
excited modes, for radial oscillations. Evolution tracks, at the masses indi-
cated, are shown with dotted curves, some models being marked with dia-
monds. Selected models with unstable modes are indicated by the symbols,
as listed in the figure; note that, as argued in Section 10.2, the higher-order
modes tend to be excited in models with higher effective temperature. The
solid and dashed straight lines indicate the instability strips of the n = 1 and
2 modes, respectively. The contours to the right of the instability strip show
computed velocity amplitudes, averaged over frequency; the values of the am-
plitudes, in cm s−1, are given. For the Sun, indicated by �, the predicted
mean amplitude is 20 cm s−1. (From Houdek et al. 1999.)

simulations, have yielded results in general agreement with the observed properties of solar
oscillations.

The stochastic mechanism is expected to result in the excitation of all modes in a broad
range of frequencies, with amplitudes reflecting the presumed slow frequency dependence
of the forcing function. This property is indeed observed in the Sun and in the few cases
where solar-like oscillations have been observed in other stars (see Section 2.4.1). It greatly
simplifies the identification of the modes, compared with oscillations excited through radi-
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ative instability. In the latter case the mechanisms determining the final amplitude, and
hence the selection of modes which reach an observable level, are unknown and apparently
lead to detectability, with current techniques, of only a fairly small subset of the unstable
modes.
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tering out near-surface uncertainties from helioseismic inversion]. Mon. Not. R. astr.
Soc., 280, 651 – 660.

221



222 REFERENCES

Basu, S., Christensen-Dalsgaard, J., Schou, J., Thompson, M. J. & Tomczyk, S., 1996b.
[Solar structure as revealed by LOWL data]. Proc. Conf. on “Windows on the Sun’s
interior”, Bombay, Oct. 1995; Bull. Astron. Soc. India, 24, 147 – 150.

Basu, S., Chaplin, W. J., Christensen-Dalsgaard, J., Elsworth, Y., Isaak, G. R., New,
R., Schou, J., Thompson, M. J. & Tomczyk, S., 1997. [Solar internal sound speed as
inferred from combined BiSON and LOWL oscillation frequencies]. Mon. Not. R. astr.
Soc., 292, 243 – 251.
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Däppen, W. & Gough, D. O., 1986. [Progress report on helium abundance determination].
Seismology of the Sun and the distant Stars, p. 275 – 280, ed. Gough, D. O., Reidel,
Dordrecht.
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J. & Däppen, W., Astronomical Society of the Pacific Conference Series, vol. 76, San
Francisco, 76, 51 – 54.

Emden, R., 1907. Gaskugelen (Teubner, Leibzig und Berlin).
Fossat, E., 1991. [The IRIS network for full disk helioseismology: Present status of the

programme]. Solar Phys., 133, 1 – 12.
Frandsen, S., Carrier, F., Aerts, C., Stello, D., Maas, T., Burnet, M., Bruntt, H., Teix-

eira, T. C., de Medeiros, J. R., Bouchy, F., Kjeldsen, H., Pijpers, F. & Christensen-
Dalsgaard, J., 2002. [Detection of solar-like oscillations in the G7 giant star ξ Hya].



230 REFERENCES

Astron. Astrophys., 394, L5 – L8.
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Å line of potassium]. Seismology of the Sun & Sun-like Stars, p. 569 – 573, eds
Domingo, V. & Rolfe, E. J., ESA SP-286, ESA Publications Division, Noordwijk, The
Netherlands.

Jackson, J. D., 1975. Classical Electrodynamics, 2. ed., Wiley, New York.
Jeffery, C. S. & Pollacco, D., 2000. [Radial velocities of pulsating subdwarf B stars:

KPD 2109+4401 and PB 8783]. Mon. Not. R. astr. Soc., 318, 974 – 982.
Jeffrey, W., 1988. [Inversion of helioseismic data]. Astrophys. J., 327, 987 – 992.
Kawaler, S. D., 1995. [Probing the extraordinary ends of ordinary stars: white dwarf

seismology with the Whole Earth Telescope]. In Proc. IAU Colloq. 155: Astrophysical
Applications of Stellar Pulsation, eds Stobie, R. S. & Whitelock, P. A., ASP Conf. Ser.,
83, 81 – 90.

Keeley, D. A., 1977. [Linear stability analysis of stellar models by the inverse iteration
method]. Astrophys. J., 211, 926 – 933.

Kepler, S. O., Winget, D. E., Nather, R. E., Bradley, P. A., Grauer, A. D., Fontaine, G.,
Bergeron, P., Vauclair, G., Claver, C. F., Marar, T. M. K., Seetha, S., Ashoka, B. N.,
Mazeh, T., Leibowitz, E., Dolez, N., Chevreton, M., Barstow, M. A., Clemens, J. C.,
Kleinman, S. J., Sansom, A. E., Tweedy, R. W., Kanaan, A., Hine, B. P., Provencal,
J. L., Wesemael, F., Wood, M. A., Brassard, P., Solheim, J. E. & Emanuelsen, P.-I.,
1991. [A detection of the evolutionary time scale of the DA white dwarf G117–B15A
with the Whole Earth Telescope]. Astrophys. J., 378, L45 – L48.



REFERENCES 233

Kilkenny, D., Koen, C., O’Donoghue, D. & Stobie, R. S., 1997. [A new class of rapidly
pulsating stars – I. EC 14026 – 2647, the class prototype]. Mon. Not. R. astr. Soc.,
285, 640 – 644.

Kilkenny, D., Koen, C., O’Donoghue, D., van Wyk, F., Larson, K. A., Shobbrook, R.,
Sullivan, D. J., Burleigh, M., Dobbie, P. D. & Kawaler, S. D., 1999. [The EC 14026
stars – X. A multi-site campaign on the sdBV star PG 1605+072]. Mon. Not. R. astr.
Soc., 303, 525 – 534.

Kippenhahn, R. & Weigert, A., 1990. Stellar structure and evolution, Springer-Verlag,
Berlin.

Kjeldsen, H. & Bedding, T. R., 1995. [Amplitudes of stellar oscillations: the implications
for asteroseismology]. Astron. Astrophys., 293, 87 – 106.

Kjeldsen, H., Bedding, T. R., Frandsen, S. & Dall, T. H., 1999. [A search for solar-like
oscillations and granulation in α Cen A]. Mon. Not. R. astr. Soc., 303, 579 – 587.

Kjeldsen, H., Bedding, T. R., Viskum, M. & Frandsen, S., 1995. [Solarlike oscillations in η
Boo]. Astron. J., 109, 1313 – 1319.

Knölker, M. & Stix, M., 1983. [A convenient method to obtain stellar eigenfrequencies].
Solar Phys., 82, 331 – 341.

Korzennik, S. G., Cacciani, A., Rhodes, E. J., Tomczyk, S. & Ulrich, R. K., 1988. [Inversion
of the solar rotation rate versus depth and latitude]. Seismology of the Sun & Sun-like
Stars, p. 117 – 124, eds Domingo, V. & Rolfe, E. J., ESA SP-286.

Kosovichev, A. G., Christensen-Dalsgaard, J., Däppen, W., Dziembowski, W. A., Gough,
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Petersen, J. O., 1978. [Masses of double mode Cepheid variables based on observed periods].
Astron. Astrophys., 62, 205 – 215.

Pijpers, F. P., 1997. [Solar rotation inversions and the relationship between a-coefficients
and mode splittings]. Astron. Astrophys., 326, 1235 – 1240.

Pijpers, F. P. & Thompson, M. J., 1992. [Faster formulations of the optimally localized
averages method for helioseismic inversion]. Astron. Astrophys., 262, L33 – L36.

Pijpers, F. P. & Thompson, M. J., 1994. [The SOLA method for helioseismic inversion].
Astron. Astrophys., 281, 231 – 240.

Pijpers, F. P. & Thompson, M. J., 1996. [A modified IR1 ⊗ IR1 method for helioseismic
inversions]. Mon. Not. R. astr. Soc., 279, 498 – 510.

Press, W. H., Flannery, B. P., Teukolsky, S. A. & Vetterling, W. T., 1986. Numerical
Recipes, Cambridge University Press.

Provost, J. & Berthomieu, G., 1986. [Asymptotic properties of low degree solar gravity
modes]. Astron. Astrophys., 165, 218 – 226.

Rabello-Soares, M. C., Basu, S. & Christensen-Dalsgaard, J., 1999a. [On the choice of
parameters in solar structure inversion]. Mon. Not. R. astr. Soc., 309, 35 – 47.

Rabello-Soares, M. C., Christensen-Dalsgaard, J., Rosenthal, C. S. & Thompson, M. J.,
1999b. [Effects of line asymmetries on the determination of solar internal structure].
Astron. Astrophys., 350, 672 – 679.

Rast, M. P. & Bogdan, T. J., 1998. [On the asymmetry of solar acoustic line profiles].
Astrophys. J., 496, 527 – 537.

Reitz, J. R., Milford, F. J., & Christy, R. W. 1979. Foundations of Electromagnetic Theory,
3. ed., Addison-Wesley, Reading, Massachusetts.



REFERENCES 237

Rhodes, E. J., Kosovichev, A. G., Schou, J., Scherrer, P. H. & Reiter, J., 1997. [Mea-
surements of frequencies of solar oscillations from the MDI medium-l program]. Solar
Phys., 175, 287 – 310.

Rhodes, Jr, E. J., Reiter, J., Kosovichev, A. G., Schou, J. & Scherrer, P. H., 1998. [Initial
SOI/MDI high-degree frequencies and frequency splittings]. In Structure and dynamics
of the interior of the Sun and Sun-like stars; Proc. SOHO 6/GONG 98 Workshop, eds
S.G. Korzennik & A. Wilson, ESA SP-418, ESA Publications Division, Noordwijk, The
Netherlands, p. 73 – 82.

Rhodes, Jr, E. J., Reiter, J., Kosovichev, A. G., Schou, J. & Scherrer, P. H., 1998. [Initial
SOI/MDI high-degree frequencies and frequency splittings]. In Structure and dynamics
of the interior of the Sun and Sun-like stars; Proc. SOHO 6/GONG 98 Workshop, eds
S.G. Korzennik & A. Wilson, ESA SP-418, ESA Publications Division, Noordwijk, The
Netherlands, p. 73 – 82.

Ritzwoller, M. H. & Lavely, E. M., 1991. [A unified approach to the helioseismic forward
and inverse problems of differential rotation]. Astrophys. J., 369, 557 – 566.

Robe, H., 1968. [Les oscillations non radiales des polytropes]. Ann. d’Astrophys., 31, 475
– 482.

Rosenthal, C. S., 1998. [Peaks and throughs in helioseismology: the power spectrum of
solar oscillations]. Astrophys. J., 508, 864 – 875.

Roxburgh, I. W. & Vorontsov, S. V., 1995. [An asymptotic description of solar acoustic
oscillations with an elementary excitation source]. Mon. Not. R. astr. Soc., 272, 850
– 858.

Schatzman, E. & Souffrin, P., 1967. [Waves in the solar atmosphere]. Ann. Rev. Astron.
Astrophys., 5, 67 – 84.

Scherrer, P. H., Bogart, R. S., Bush, R. I., Hoeksema, J. T., Kosovichev, A. G., Schou, J.,
Rosenberg, W., Springer, L., Tarbell, T. D., Title, A., Wolfson, C. J., Zayer, I., and the
MDI engineering team, 1995. [The Solar Oscillation Investigation – Michelson Doppler
Imager]. Solar Phys., 162, 129 – 188.

Scherrer, P. H., Wilcox, J. M., Christensen-Dalsgaard, J. & Gough, D. O., 1983. [Detection
of solar five-minute oscillations of low degree]. Solar Phys., 82, 75 – 87.

Schiff, L. I., 1949. Quantum Mechanics, McGraw Hill, New York.
Schou, J., 1991. [On the 2-dimensional rotational inversion problem]. In Challenges to

theories of the structure of moderate-mass stars, Lecture Notes in Physics, vol. 388, p.
93 – 100, eds Gough, D. O. & Toomre, J., Springer, Heidelberg.

Schou, J., 1992. On the analysis of helioseismic data, PhD Dissertation, Aarhus University.
Schou, J., 1998. [How low can we get: the quest for ever lower frequencies]. In Structure

and dynamics of the interior of the Sun and Sun-like stars; Proc. SOHO 6/GONG 98
Workshop, eds S.G. Korzennik & A. Wilson, ESA SP-418, ESA Publications Division,
Noordwijk, The Netherlands, p. 341 – 344.

Schou, J., 1999. [Migration of zonal flows detected using Michelson Doppler Imager f -mode
frequency splittings]. Astrophys. J., 523, L181 – L184.

Schou, J. & Buzasi, D. L., 2001. [Observations of p-modes in α Cen]. In Helio- and
Asteroseismology at the Dawn of the Millennium: Proc. SOHO 10 / GONG 2000
Workshop, ESA SP-464, ESA Publications Division, Noordwijk, The Netherlands, 391
– 394.

Schou, J., Antia, H. M., Basu, S., Bogart, R. S., Bush, R. I., Chitre, S. M., Christensen-
Dalsgaard, J., Di Mauro, M. P., Dziembowski, W. A., Eff-Darwich, A., Gough, D.



238 REFERENCES

O., Haber, D. A., Hoeksema, J. T., Howe, R., Korzennik, S. G., Kosovichev, A. G.,
Larsen, R. M., Pijpers, F. P., Scherrer, P. H., Sekii, T., Tarbell, T. D., Title, A. M.,
Thompson, M. J., Toomre, J., 1998. [Helioseismic studies of differential rotation in
the solar envelope by the Solar Oscillations Investigation using the Michelson Doppler
Imager]. Astrophys. J., 505, 390 – 417.

Schou, J., Christensen-Dalsgaard, J. & Thompson, M. J., 1992. [The resolving power of
current helioseismic inversions for the Sun’s internal rotation]. Astrophys. J., 385, L59
– L62.

Schou, J., Christensen-Dalsgaard, J. & Thompson, M. J., 1994. [On comparing helioseismic
two-dimensional inversion methods]. Astrophys. J., 433, 389 – 416.

Schou, J., Howe, R., Basu, S., Christensen-Dalsgaard, J., Corbard, T., Hill, F., Larsen, R.
M., Rabello-Soares, M. C. & Thompson, M. J., 2002. [A comparison of solar p-mode
parameters from the Michelson Doppler Imager and the Global Oscillation Network
Group: splitting coefficients and rotation inversions]. Astrophys. J., 567, 1234 – 1249.

Scuflaire, R., 1974. [The non radial oscillations of condensed polytropes]. Astron. Astro-
phys., 36, 107 – 111.

Sekii, T., 1991. [Two-dimensional inversion for solar internal rotation]. Publ. Astron. Soc.
Japan, 43, 381 – 411.

Sekii, T., 1993. [A new strategy for 2D inversion for solar rotation]. Mon. Not. R. astr.
Soc., 264, 1018 – 1024.

Shapley, H., 1914. [On the nature and cause of Cepheid variation]. Astrophys. J., 40, 448
– 465.

Shibahashi H., 1988. [Inverse problem: acoustical potential vs acoustic length]. Proc.
IAU Symposium No 123, Advances in helio- and asteroseismology, p. 133 – 136, eds
Christensen-Dalsgaard, J. & Frandsen, S., Reidel, Dordrecht.

Shibahashi, H. & Osaki, Y., 1981. [Theoretical eigenfrequencies of solar oscillations of low
harmonic degree l in five-minute range]. Publ. Astron. Soc. Japan, 33, 713 – 719.

Shibahashi, H. & Sekii, T., 1988. [Sound velocity distribution in the Sun inferred from
asymptotic inversion of p-mode spectra]. Seismology of the Sun & Sun-like Stars, p.
471 – 480, eds Domingo, V. & Rolfe, E. J., ESA SP-286.

Smith, P. H., McMillan, R. S. & Merline, W. J., 1987. [Evidence for periodic radial velocity
variations in Arcturus]. Astrophys. J., 317, L79 – L84.

Spiegel, E. A. & Zahn, J.-P., 1992. [The solar tachocline]. Astron. Astrophys., 265, 106 –
114.

Stein, R. F. & Leibacher, J., 1974. [Waves in the solar atmosphere]. Ann. Rev. Astron.
Astrophys., 12, 407 – 435.
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